The generally accomplished technique for horizontal wells in tight gas reservoirs is by multi-stage hydraulic fracturing, not to mention, the flow characteristics of a horizontal well with multiple transverse fractures are very intricate. Conventional methods, well as an evaluation unit, are difficult to accurately predict production capacity of each fracture and productivity differences between wells with a different number of fractures. Thus, a single fracture sets the minimum evaluation unit, matrix, fractures, and lateral wellbore model that are then combined integrally to approximate horizontal well with multiple transverse hydraulic fractures in tight gas reservoirs. This paper presents a new semi-analytical methodology for predicting the production capacity of a horizontal well with multiple transverse hydraulic fractures in tight gas reservoirs. Firstly, a mathematical flow model used as a medium, which is disturbed by finite conductivity vertical fractures and rectangular shaped boundaries, is established and explained by the Fourier integral transform. Then the idea of a single stage fracture analysis is incorporated to establish linear flow model within a single fracture with a variable rate. The Fredholm integral numerical solution is applicable for the fracture conductivity function. Finally, the pipe flow model along the lateral wellbore is adapted to couple multi-stages fracture mathematical models, and the equation group of predicting productivity of a multi-stage fractured horizontal well. The whole flow process from the matrix to bottom-hole and production interference between adjacent fractures is also established. Meanwhile, the corresponding iterative algorithm of the equations is given. In this case analysis, the productions of each well and fracture are calculated under the different bottom-hole flowing pressure, and this method also contributes to obtaining the distribution of pressure drop and production for every horizontal segment and its changes with effective fracture half-length and conductivity. Application of this technology will provide gas reservoir engineers a better tool to predict well and fracture productivity, besides optimizing transverse hydraulic fractures configuration and conductivity along the lateral wellbore.
Introduction
There are many transverse fractures with different forms around a horizontal well after being fractured multi-stage in tight gas reservoirs, this greatly increases the contact area a between gas well and the formation. Simultaneously, the flow conditions around the bottom-hole are improved. The states of gas flow include Darcy flow in the formation pores, variable Darcy flow in the hydraulic fractures, and variable pipe flow in the horizontal wellbore. The interferences and the coupling happen between the three flow patterns by means of the boundary conditions.
In terms of research on finite conductivity fractures, parts [1] unraveled the flow relationship between the elliptic fractures and matrix by conformal transformation; this presented the function relationship between finite conductivity and effective wellbore diameter. Cinco-Ley [2] evaluated the flow capacity of fractures with finite conductivity by the numerical discrete method. Liao [3] researched variable flow within fractures through transforming elliptic coordinate. On these bases, the analysis on unstable flow of fractured horizontal well within closed formation, Zerzar [4] obtained the characteristics of a linear (double) flow in the early stages, and a quasi-steady flow in the late stages done by the gradual approximation method; the parameters of the fractured horizontal well were then analyzed. Brown [5] used three linear flow models to reflect the flow law within the hydraulic fracture, the inner reservoir between hydraulic fractures, and the outer reservoir away from the tips of the fracture system. Regarding the productivity evaluation of fractured horizontal wells, based on the Joshi [6, 7] productivity formula, Raghavan [8] introduced a method of predicting productivity of a multi-stage fractured horizontal well, which substitutes the equivalent wellbore radius (radial flow) for hydraulic fractures to simulate fluid flow. Wang [9] corrected the equivalent wellbore diameter of the horizontal wells with vertical rectangular fractures through introducing the influence function of finite conductivity fractures. Meanwhile, in combination with pressure superposition principle, the influence factors of fractured horizontal well productivity were evaluated. Wang [10] established the mathematical model flow of a multi-stage fractured horizontal well; the characteristics include the rectangular closed boundary by means of the two variables considering gas slippage, the pseudopressure, and the pseudo-time. Based on the wellbore with infinite conductivity, the change on horizontal well productivity is analyzed with the various fracture length, fracture conductivity, the number of fractures, fractured horizontal well length, and so on. Li [11] established the empirical plate to evaluate the open flow rate and cumulative production based on demonstrating the scale of the effective sand. Li [12] quickly evaluated the horizontal well productivity in low-permeability and tight gas reservoirs through combining ideal model with numerical simulation. In this paper, with the aid of previous research study results, the idea [13] of a single fracture is introduced to accurately evaluate the productivity of fractured horizontal wells in tight gas reservoirs. By a single fracture serving as a unit, the principle of mass conservation is applied to couple the elliptic flow in a typical reservoir, as well as variable flow within fractures and variable pipe flow in the horizontal wellbore. Meanwhile, considering the interference between the adjacent fractures, the theoretical formula, and the corresponding algorithm are established for predicting productivity of fractured horizontal wells; the practical examples are analyzed for model verification. Thus, a new method for predicting productivity of multi-stage fractured horizontal wells in a tight gas reservoir is formed.
Mathematical model

Flow model in formation with finite conductivity fracture
There are complex flow types in the reservoir with fractures. The gas in pores flow linearly into fractures across the surface, the streamline form within limit scope around fractures and is similar to an elliptic flow, and pseudo-radial flow is usually expressed out of the elliptic flow (Fig. 1) . Fracture conductivity has a great impact on gas well productivity in tight gas reservoirs. For that reason, the flow in the fracture is not negligible. In order to quantitatively describe the flow characteristics of fractures, some idealizations and simplifying were made assuming the following:
(1) The formation is homogeneous, and there's uniform thickness at the top and bottom. (2) The fractures do not drain beyond the boundaries of this rectangular geometry (x e Â y e ) with constant pressure. (3) The perforated thickness of the fractures, h, is the same as the thickness of the reservoir. Furthermore, q(x) is the variable for the length of the fracture.
Definitions of the dimensionless variables are as follows:
The dimensionless control equation and the associated boundary conditions for the formation around fractures are given: 
and
where the over-bar symbol indicates various integral transform direction.
The relationship between the dimensionless pressure through the double Fourier integral transform and dimensionless fracture production is given, depending on the boundary conditions Eqs. (2) and (3), by means of
The dimensionless pressure is obtained from Eq. (7) by two inverse transformations as follows:
where the eigenvalues are given by
and the bottom of the norms is given by
To substitute Eqs. (7), (9) and (10) into Eq. (8), the formula for pressure is obtained as follows:
Assuming that there's only flux distribution along the fractures, Eq. (6) becomes
and the transformation is as follows:
The solution of the pressure at the intersection point (x wD ,y wD ) of the horizontal wellbore and finite conductivity
fractures can be obtained after commencing Eq. (11)e(13) as follows:
Flow model in finite conductivity fracture
Flow within fracture is assumed to be one-dimensional linear flow with a variable rate in the x direction (Fig. 2) .
The elastic energy in the fracture is ignored because the volume of the fracture is minute. The dimensionless flow equation within the hydraulic fracture can be simplified to stabilize the state equation as follows:
The inner boundary condition is given by
After the second integral to x D , Eq. (15) becomes
The coupling conditions between the fracture and the formation are given by
The Fredholm integral equation is obtained by substituting Eq. (14) with Eq. (18) . Then again this equation can't be solved by means of an analytical method. The numerical method is given as follows: the fracture is divided evenly into n sections and the flux and pressure of each section are uniform. Thus, we can obtain n þ 1 order equations (Eq. (19)) about the flux at each section, q Dj (j ¼ 1,2,3 …. ,n), and the bottom-hole pressure, P wD .
where the flux constraint equation is given as follows:
The Newton iteration is used to solve Eq. (19) . Meanwhile, the relationship between the dimensionless conductivity C fD and the dimensionless bottom-hole pressure P wD are analyzed under diverse outer boundary conditions. The results indicate that the dimensionless bottom-hole pressure P wD decreases with the increase of the C fD in the finite conductivity fracture. Whenever C fD > 1000, P wD tends to be constant, hence, P infwD , which is the dimensionless bottom-hole pressure in the infinite conductivity fracture; this trend is only related to C fD . Through data regression, the differential function, f(C fD ), that is, the influence function of fracture conductivity is obtained through Eq. (21) . Kindly refer to Fig. 3 .
where the dimensionless bottom-hole pressure in the infinite conductivity fracture is given by
In the subsequent derivations, the one-dimensional (linear) flow has been assumed within the hydraulic fracture; that is, the radial convergence of flow towards the wellbore has been ignored within the hydraulic fracture. Nonetheless, the radial flow near the horizontal wellbore exists objectively. Therefore, the skin factor is introduced to calculate the flow resistance. The formula Ref. [9] is given:
Adding the choking skin to Eq. (22), we obtain the following solution. This is a good approximation for dimensionless wellbore pressure after the end of radial flow in the finite conductivity fracture:
That is:
Using Eq. (25), the productivity of a single transverse fracture with finite conductivity can be quickly calculated. The calculation is the basis for predicting productivity of a multistage fractured horizontal well.
Horizontal wellbore model
Multiple transverse hydraulic fractures are coupled with each other through the pipe flow in the horizontal wellbore.
The single-phase pipe flow is considered because the diameter of horizontal wellbore is far greater than the size of the flow channel in the formation and fracture. Flow rate in the horizontal wellbore is changing, hence, the flow pressure is calculated piecewise. The pressure gradient [14] is given by
where the pressure drop of the kinetic energy is caused by the increase in velocity is ignored. Through separating variables and definite integral based on Eq. (26), the relationship between the gas flow rate and pressure square difference is derived as follows: 
Productivity model with the interference between adjacent fractures
The interference [15, 16] between adjacent fractures happens very often when the steady state flow or pseudo-steady state flow appears. For the quantitative evaluation to be easy, the interference degree, the outer flow boundary for every fracture is described as an elliptic boundary.
The flow resistance from outer boundary to horizontal wellbore is given by:
where a, b is the semi-major axis and semi-minor axis of outer boundary elliptic, respectively, m; r we is equivalent radius, m, and the formula Ref. [17] e [19] is given by:
In combining Eq. (25) with Eqs. (30) and (32) is obtained by:
where
The elliptic boundary size and shape of every fracture can be calculated by means of Eq. (32) and Eq. (33) where every fracture spatial location is combined. The interference of every fracture outer flow boundary is then determined (Fig. 4) .
Assuming the flow area of every fracture is respectively A 1 , A 2 , …… A n , the intersecting area of adjacent elliptic boundary is respectively B 12 , B 21 , B 23 , B 32 , ……B (nÀ1)n , B n (nÀ1) , and the production rate of every fracture is Q sc1 , Q sc1 , ……Q scn when the interference between the adjacent fracture is not considered. According to the principle of flow area [20, 21] , every fractures' contribution to the horizontal well production is proportional to its area of flow boundary; then the actual production rate of every fracture is acquired:
then the production rate of the fractured horizontal well is given by:
By means of Eq. (25) and Eq. (34), the bottom-hole pressure of every fracture and the distribution of pressure in a horizontal wellbore are obtained.
Model solution
Assuming the number of hydraulic fractures, n, Eq. (27) is a nonlinear equation which can be used to quickly and accurately solve the numerical iteration. The steps are as follows:
Step 1: The flow rates of the nth fracture, Q scnmax and Q scnmin , are assumed, therefore,
Prior Step 2 and 3, the pressure points of the nth fracture across the horizontal wellbore, P wfnmax(0) , P wfnmin(0) , P wfnmid(0) , are calculated. Step 2: The flow rate of the (nÀ1)th fracture, Q scnÀ1 is calculated on the basis of Eqs. (25) and (27).
Step 3: According to Step 2, the flow rates of the i th fracture are calculated in turn. When that of the first fracture is calculated, the pressure values of the first fracture across the horizontal wellbore, P wf1max(0) , P wf1min(0) , P wf1mid(0) , can be calculated directly.
Step 4: If (P wf1max(0) -P wf ) Â (P wf1mid(0) -P wf )<0, then Q scnmin ¼ Q scnmid , or Q scnmax ¼ Q scnmid .
Step 5:
Step 2 to Step 4 are not looped until the precision of P wfmid(j) is fulfilled.
Through the preceding steps and the corresponding computer program, the flow rate of every fracture not considering the interference between adjacent fractures is obtained.
Step 6: Combining Eq. (32) with Eq. (33), the flow area of every fracture, A i (i ¼ 1,2, … ,n), their shapes, and locations are then determined.
Step 7: Through definite integral, the intersecting areas are obtained. Thereafter, the actual production rates of every fracture and horizontal well are obtained.
Step 8: Substituting the actual production rates of every fracture with Eq. (25), the bottom-hole pressure of every fracture and the distribution of pressure in a horizontal wellbore are also acquired.
Field example
In order for it to be easy to verify the results, the three horizontal wells, namely, the Well WH1, the Well WH2, and the Well WH3 have been selected as well examples because there are exists data on the interpretation results and monitored fracture data in these particular wells. Their fracture stages are 3, 4, and 5, respectively. The Well WH1 had three stages and a 1103 m-horizontal well length that was analyzed in detail. The control range of the Well WH1 in the well pattern is 1600 m Â 600 m, and the other data are shown in Tables 1 and 2 .
Whenever P wf ¼ 0.1 MPa, the interference between adjacent fractures and horizontal wellbore friction (HWF) are considered, the production rates of the three fractures are (Table 3 and Fig. 5) . Table 3 shows that the production rates of fractures increase from toe to heel of the horizontal well whenever the HWF is considered. Fig. 6 indicates that the flow area and production rate of fracture No. 3 decreases evidently because of the spacing between fracture No. 2 and No. 3. The reservoir near the toe of the well is invalid, and there is no fracturing. Therefore, there is no production contribution, and the bottomhole pressure in fracture No. 3 is higher in Fig. 6 . In addition, the primary basic and fractures parameters of the Well WH2 and the Well WH3 is shown in Tables 4 and 5 . Their other parameters are the same to that of the Well WH1. It is consistent with calculated open flow rates with that of well-testing interpretation (Table 6 ).
Conclusions
Based on the basic flow principle within porous media, the whole flow process undergoes three stages according to the gas flow path from the matrix to hydraulic fracture, and lastly to the horizontal wellbore. The laws of variable flow in every part of the three stages are analyzed. Finally, we have presented a practical analytical model and analyzed three well examples of a tight gas reservoir. The following conclusions are warranted from the work presented in this paper:
(1) A single fracture segment is a unit, and all fracture sections are coupled by variable flow in a horizontal wellbore. Moreover, the effect of the interference between adjacent fractures on production and pressure of every fracture is evaluated quantitatively according to the principle of flow area. Thus, the new equations of predicting productivity are established and the method of solving the equations and its process are given. ( 2) The open flow rates of three actual gas wells were calculated through the application of the equations, which conforms to the result of the well test evaluation. Additionally, we also quantitatively evaluated the contribution and effect of every fracture, thus, providing the theoretical basis for further optimization of the fracturing design. (3) The method is suitable for predicting productivity of horizontal wells with non-uniform fracture system. That is unequal fracture spacing and fracture layout form, which is in line with the reality of complicated fracture system present in tight gas reservoirs. Meanwhile, it can also analyze the main factors influencing well productivity. Hence, the new method in this paper has broader prospects on predicting productivity of a multi-stage fractured horizontal well in the gas reservoir.
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